We present a general theory of mixing for an arbitrary number of fields with integer or half-integer spin. The time dynamics of the interacting fields is solved and the Fock space for interacting fields is explicitly constructed. The unitary inequivalence of the Fock space of base (unmixed) eigenstates and the physical mixed eigenstates is shown by a straightforward algebraic method for any number of flavors in boson or fermion statistics. The oscillation formulas based on the nonperturbative vacuum are derived in a unified general formulation and then applied to both two and three flavor cases. Especially, the mixing of spin-1 (vector) mesons and the CKM mixing phenomena in the Standard Model are discussed emphasizing the nonperturbative vacuum effect in quantum field theory.
I. INTRODUCTION
The mixing of quantum fields plays an important role in the phenomenology of high-energy physics [1, 15, 18] .
Mixings of both K
0K 0 and B 0B0 bosons provide the evidence of CP violation in the weak interaction [14] and ηη boson mixing in the SU (3) flavor group gives a unique opportunity to investigate the nontrivial QCD vacuum and fill the gap between QCD and the constituent quark model. In the fermion sector, neutrino mixing and oscillations are the likely resolution of the famous solar neutrino puzzle [16, 17, 26] . In addition, the standard model incorporates the mixing of fermion fields through the Kobayashi-Maskawa (CKM) mixing of three quark flavors, a generaliztion of the original Cabibbo mixing matrix between the d and s quarks [11, 22, 24, 29] . Therefore, careful theoretical analyses of the mixing problem in quantum field theory is an important step toward understanding the many-body aspects of high-energy phenomena and their relationship to other areas of physics involving phase transitions.
Moreover, the theory of mixing fields touches important, yet not fully answered, fundamental question about the quantization of the interacting fields. The mixing transformation introduces very non-trivial relationships between the interacting and non-interacting (free) fields, which lead to a unitary inequivalence between the two Fock spaces [3, 4] of the interacting fields and the free fields. This is different from the perturbation theories where the vacuum state of interacting fields is equal to the vacuum of free fields up to a less essential phase factor e iS0 [10, 12, 21] . The mixing of quantum fields is one of the cases that can be solved nonperturbatively in the quantum field theory. Thus, it also allows to investigate the accuracy of perturbation theory. For instance, the dynamics of a mixed-field Hamiltonian can be used for a partial summation of regular perturbation series as well as an improvement of the accuracy in perturbation theory.
Recently, importance of the mixing transformations has prompted a fundamental examination of them from a quantum field theoretic perspective. The investigation of two-field unitary mixing in the fermion case demonstrated a rich structure of the interacting-field vacuum as SU(2) coherent state and altered the oscillation formula including the antiparticle degrees of freedom. Momentum dependence of mixing, existence of correlated antiparticle beam and additional high-frequency oscillation terms have been found and at the same time the vacuum condensates have been analyzed for fermions [4, 5, 8, 9, 19, 20] . Subsequent analyses for the boson case revealed similar features but much more complicated vacuum structure for interacting fields [3, 7, 23] . Especially, the pole structure in the inner product between the mass vacuum and the flavor vacuum was found and related to the convergence limit of perturbation series [23] . Attempts to look at the mixings of three-fermion case have also been carried out [4, 8, 20] .
In this paper, we extend the previous analyses of mixing phenomena and work out a unified theoretical framework for an arbitrary number of flavors with any integer (bosons) or half-integer (fermions) spin statistics. We build the representation of mixing transformation in the Fock space of quantum fields and demonstrate how this can be used to obtain exact oscillation effects. We then use the developed framework to carry out calculations of two-field and three-field unitary mixings for the typical spin (i.e. 0,1/2 and 1) cases. We also comment on the use of mixed-field solution to improve the perturbation series of mixing effects.
The paper is organized as follows. In Section II, we define the ladder operators for flavor fields and explicitly show the unitary inequivalence between the flavor Fock space and the Fock space of mass-eigenstates. In Section III, we find the time dynamics of the flavor ladder operators and derive general expressions for the particle condensations and the number operators as functions of time. We also present some remarks on Green function method in the mixing problem. We then specifically consider, in Section IV, the mixing of two spin-1 fields (vector mesons) along with the mixing of spin-1/2 fields and show the consistency with previously known results. Summary and conclusion follow in sections V. In Appendix A, the mixing parameters are shown explicitly for the spin 0, 1/2 and 1. In Appendix B, we present a derivation of the flavor vacuum state by solving an infinite system of coupled equations which appears as a condition of the vacuum annihilation. In Appendix C, we summarize our results of the three-field mixing for the spin 0,1/2 and 1 using the SU(3) Wolfenstein parametrization.
II. THE THEORY OF QUANTUM FIELD MIXINGS
In this section, we consider the mixing problem for N fields of fermions or bosons. To discuss the dynamics of the flavor (mixed) fields, we define a flavor field φ µ as a mixture of the free fields ϕ j (j = 1, 2, . . . , N); i.e.
where H free (φ) is the free field Hamiltonian for ϕ i with the corresponding mass eigenvalues m i , H 0 (φ) is the free flavor field Hamiltonian and M is a mixing matrix.
The existence of the explicit relationship between free (ϕ) and flavor (φ) fields, given by Eq.(2.1), allows us to work out the quantum-field theoretical solution to the problem given by
In fact, the solution of Eq.(2.3) is contained in Eq.(2.1) with the free field (ϕ i ) given by [a α (t) , a †
and v i kσ are the free particle and antiparticle amplitudes, respectively, and σ is the helicity quantum number given by
where s is the spin operator and n = k/| k|. We also define the following parameters that are useful in extracting the ladder operators from the field operators
One should note that H and h are both symmetric for bosons while H is symmetric and h is antisymmetric for fermions. The explicit representations of H and h are presented in the Appendix A for the spin 0,1/2 and 1 cases. Now, if Λ(U, t) is the representation of the mixing transformation defined in the equal time quantization, then
In the associate Fock-space, this corresponds to
where subscript f (m) is used to denote the flavor (mass) Fock-space. For the given time t, Eq.(2.2) can then be written as
As noticed from the two-field mixing analysis [3, 4, 7, 23] , H(φ(t)) and H(φ(t)) cannot be in general related by the same operator at all times so that Λ(U, t) is essentially time dependent. The vacuum state of the flavor-fields, defined as the state with the minimum energy, is Λ(U, t) † |0 > m and changes with time satisfying
We now define the ladder operators for the flavor fields asã µ=i, kσ (t) = Λ(U, t) † a i kσ (t)Λ(U, t). Using linearity of the mixing transformation, we then can solve the explicit structure ofã µ kσ (t) without finding Λ(U, t) itself.
Such approach in fact has been known for some time for the fermion case [20] , where it was noticed that fermion ladder operators for spin 1/2 can be extracted from quantum fields by means of 
For the bosons, however, the ladder operators are not separated as in the fermion case, e.g. 
(2.14)
With Eqs.(2.11) and (2.14), we then derive for fermions 2 :
and for bosons:
Denoting the spin of the mixed fields as S, we can unify the expressions for both fermion and boson in an identical form asã
by defining 20) where
We also note from unitarity that 
The introduced ladder operators are consistent with the representation of the mixing transformation in the Fock space: (2.25) and the flavor vacuum state satisfies [19].
In other words, for any Λ(U, t),
, that can be obtained by means of a similarity must be independent from the coordinate system, other physical operators (e.g. S x S y and S z ) do depend on the coordinate system. To compare the eigenvalue of S z between theory and experiment, one should first fix the coordinate system. We think therefore that certain mass parameters should be selected to compare theoretical results (e.g. the occupation number expectation) with experiment. We also note that similar problem of mass parametrization can be also discussed in the free field case as well as in the perturbation theory 3 .
In any case, all the above unified formulation for any number of fields with integer or half-integer spin holds for the arbitrary mass parameter m µ when i = k 2 + m 2 i and µ = k 2 + m 2 µ in Eqs.(2.19)-(2.21) are understood as the energies of the free field ϕ i and the flavor field φ µ , respectively.
In the rest of this section, let us consider the explicit form of the flavor vacuum state. We obtain its structure by solving directly the infinite set of equationsã
We can express the flavor vacuum state as a linear combination of the mass eigenstates, i.e. in the most general form,
with (n) = (n 1 n 2 n 3 . . .). After applying Eq.(2.27) to Eq.(2.28) we get an infinite set of equations given by
where (n j ± 1) = (n 1 n 2 . . . n j ± 1 . . .). The solution of this problem is presented in the Appendix B. For the flavor vacuum state we find We see that the flavor vacuum state has a rich coherent structure. This situation is different from the perturbative quantum field theory, where the adiabatic enabling of interaction is present and |0 > interacting ∼ |0 > free . The nonperturbative vacuum solution renders non-trivial effects in the flavor dynamics as we will show in section 3. In particular, the normalization constant Z is always greater than 1 so that in the infinite volume limit, when density of states is going to infinity, we have 
III. TIME DYNAMICS OF THE MIXED QUANTUM FIELDS
Now we have a closer look on the dynamics of quantum fields respresented by the ladder operators shown in Eq. (2.19) . First of all, we note that only a i kσ and b i− k−σ operators and their conjugates are mixed together. We denote the set of quantum fields formed by all linear combinations of these operators and their products (algebra on a i kσ , b i− k−σ and h.c.) as a cluster Ω kσ with a particular momentum k and a particular helicity σ. It follows that Ω kσ 's are invariant under mixing transformation Λ(U, t) and we thus can treat each cluster independently from each other.
The time dynamics of the flavor fields is determined by the non-equal time commutation/anticommutation relationships for boson/fermion fields that can be derived from Eq.(2.19) using the standard commutation/anticommutation relationships for the original ladder operators;
The two matricesF andĜ represent the only nontrivial commutators/anticommutators in the sense that all others are either zero or can be written in terms of the elements of these matrices. It is useful to note that, for t = 0, Eq.(3.1)
shall be reduced to F µν (0) = δ µν and G µν (0) = 0. We also note that
Eq.(3.1) allows us to compute many mixing quantities directly. The time dynamics of the flavor-field ladder operators can be derived by writing them asã
while all other coefficients are zeros:
We now consider the condensate densities of the definite-mass particles in the flavor vacuum (
, the number of definite-flavor particles in the flavor vacuum (Z ν = f < 0|ã † ν (t)ã ν (t) |0 > f ) and the particle number average for a single definite-flavor particle initial state, which is related in the Heisenberg picture to
The free-field particle condensates in the flavor vacuum state are computed from the explicit form of the ladder operators given by Eq.(2.19) as
In the following, the particle-antiparticle symmetry should be accounted for, so that a corresponding antiparticle quantity can be found from the particle expression after a necessary substitution (particles→antiparticles and vice versa). Thus, the antiparticle condensate is given by the same quantity in Eq. (3.4) . The definite-flavor particle condensates in the free-field vacuum is also given by Eq.(3.4).
Using Eq.(3.3), we get the flavor-field condensates in the flavor vacuum (Z ν ) as
It 
The flavor charge Q ρνσ = N ρνσ −N ρνσ [7] [8] [9] is then given by:
For a specific case of the number evolution in the beam with a fixed 3-momentum, we find:
(3.8)
We note that N ρνρ 's as well as Q ρνρ 's are in general dependent on the choice of mass parameter m µ .
We may explicitly see this in the example of the charge operator. According to Eq.(3.8), we get
Taking into account Eq.(2.23), we can write, e.g. for fermions (S=1/2)
Thus, we find
where Ω ij = i + j and ω ij = i − j . This can be rewritten as
This formula is also valid for bosons with the substitution of cos → cosh, sin → sinh.
We see now that Q µνµ does not depend on the mass parameters only for real mixing matrices U µk [8, 19] . Otherwise, there is a nontrivial mass dependence from the imaginary part of U . Interestingly, even in the latter case, there is no dependence on the mass of the flavor field ν (m ν ) but only on the mass of the initial flavor state µ.
We also note that Eq.(3.8) may be viewed as a superposition of the two terms: ρ → ν propagation and background vacuum contribution Z ν . Thus, one may introduce the particle-particle and particle-antiparticle propagation amplitudes, respectively, defined by 
IV. TWO-FIELD UNITARY MIXING

A. Vector Meson Mixing (S=1)
We now consider the unitary mixing of 2 fields with spin 1 (vector mesons). U(2) parametrization consists of 4 parameters: 3 phases that can be absorbed in the phase redefinition of fields and one essential real angle that is left, so that
Using Appendix A, we then define γ
for σ = 0. For the free field mass m i basis, γ
We use this basis in Section IV.
The ladder mixing matrices α and β are given by 4 See Refs. [5, 19] for the discussion of the Green functions in the quantum theory of the mixed fields.
For the flavor charge oscillation, we then obtain the result that is not dependent on the mass parametrization:
We see that this result, with an exception of greater complexity of γ ± , is identical to the case of spin 0 [7, 23] .
According to the above theory, in fact, this should be the case for the two-field mixing with any integer spin. For S = 1 we see that an essential difference from the scalar/pseudoscalar meson mixing, such as the complication of momentum dependence of γ ± , occurs only for the mixing of longitudinally polarized particles. The mixing of transverse components is essentially same as in the case of spin-zero particles.
The details of non-equal time commutators are given by
The condensates of free-field particles are
and the condensates of the flavor particles in the vacuum are
The flavor vacuum structure is defined by the matrixẐ:
with the normalization constant being
The time evolution of the flavor particle number (if #1 was emitted) is given by:
Also we note that the scalar and pseudoscalar case follows immediately from the above presentation when γ
. In this respect, the spin-zero mixing is equivalent to the mixing of transverse components of vector fields, described by Eqs.(4.4), (4.5), (4.9) and (4.10). These results are consistent with the previously known results [7, 23] .
B. Fermion mixings (S=1/2)
We also present here the calculations for s = 1/2 case. For the consistent notation with the previous works [4, 6] 5 , we define
The charge fluctuations are then given by
and the ladder mixing matrices are 14) which are same with the previously known results [4, 6] .
We can also give more details on the fermion mixing dynamics. The non-equal time anticommutators are given by
The condensates of the free-field particles are
and the condensates of the flavor particles are
The vacuum structure is defined by the matrixẐ:
with the normalization constant being Z = 1 cos 2 (θ)+U 2 sin 2 (θ)
The time evolution of the flavor particle number (if #1 was emitted) is then given by: The quantum field mixing effects may be understood by considering interplay between the two Fock-spaces of the free-fields and the interacting fields. As demonstrated in the 2-field mixing treatment, this interplay is highly non-trivial and gives rise to a deviation from the simple quantum mechanical approach due to the high-frequency oscillations and the antiparticle component in the system.
We have now extended the previous results and presented a solution without approximations for the quantum field theory of mixings in the arbitrary number of fields with boson or fermion statistics. As one might have expected from the previous 2-field treatment [3, 5, 7, 23] , all results fall into the same scheme and can be easily unified. We investigated the field time dynamics by calculating unequal time commutators and discussed the propagation functions. We found an explicit solution for the interacting field Fock space and the corresponing vacuum structure that turned out to be a generalized coherent state. We then showed the unitary inequivalence between the mixed-field Fock space and the free-field Fock space in the infinite volume limit. After we built a formal calculational framework, we applied it to solve mixing dynamics of 2 vector mesons(S = 1) and fermions(S = 1/2). We found that the scalar/pseudoscalar (S = 0) boson mixing is the same as the mixing of transverse components of the vector fields, while for the longitudinal component of the vector field we found richer momentum dependence than in the spin-zero case.
However, from the application of our approach to 3-fermion/boson mixing cases, which we summarize in Appendix C, we saw very complicate structure of more general results. Oscillation formulas typically involve all possible lowfrequency and high-frequency combination terms. The amplitudes of the oscillation terms are essentially momentum dependent. We have also discussed the existence of the coherent antiparticle beam generated from the starting definite-flavor particle beam and presented its dynamics.
Our general approach does not require to use any specific continuous parametrization of the mixing group but directly takes the values of matrix elements. This allows an analysis to be carried out in a unified closed form as shown in Sections II and III. In general, it may be preferable to solve the mixing problems without going through the intermediate parametrization step for the mixing matrix. Even if one wants to use a specific parametrization scheme for the mixing matrix, it is rather straightforward to formulate our general framework into a symbolic calculation system, like maple or mathematica, and carry out extensive calculations involving mixing parameters in short period of time. Examples of such calculations are shown in Appendix C.
The physical application of the above formalism can be seen in investigating the neutrino mixing, mixing of gauge vector bosons governed by the Weinberg angle in the electroweak theory as well as vector mesons such as the ρ and ω.
It seems also possible to apply these results to consider nonperturbative quark-mixing effects in the Standard Model and provide partial summation of the regular perturbation theory in mixing degrees of freedom. For this purpose considering covariant form of the above theory might be of great interest. Consideration along this line is in progress.
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APPENDIX A: ESSENTIAL CASES OF MIXING FIELD PARAMETERS
The most essential cases in modern particle physics are scalar/pseudoscalar (spin 0), vector (spin 1) boson fields and spin 1 2 fermion fields. For these cases mixing theory parameters are explicitly derived from quantum field theory [2, 21] . We then have for scalar/pseudoscalar fields (spin 0):
for vector fields (spin 1):
and for bispinor fields (spin 1/2):
where ω σ is spinor satisfying ( n · σ) ω σ = σ · ω σ and σ takes values ±1.
The H and h matrix parameters are then for scalar case: .5) and for spin 1/2:
APPENDIX B: THE FLAVOR VACUUM STATE
In this appendix we explicitly solve flavor vacuum structure. We first consider boson case.
We write the sought flavor vacuum state as the most general linear combination from the original-field Fock space
From the particle/antiparticle symmetry, the part of Eq.(2.27) involving antiparticle annihilation operators results in a dependent set of equations and thus can be omitted. Expanding Eq.(2.27), we find:
where (n j + 1) notation stands for (n 1 , n 2 , . . . , n j + 1, . . . n k ) and k is the number of flavor fields. To solve this infinite set of equations we introduce symbolic operators which decrease the subscript index of B coefficients, i.e.
. Then solving each set of equation in (B.2) with respect to B (nj +1)(l) we find in the expansion, we get
It is possible to rewrite this complicate expression in the more compact form;
that can be shown directly by expanding the above expression. It also can be argued that to obtain B (n)(l) from Eq.(B.5) one needs to leave only those terms in the expansion that give correct power of particle and antiparticle from Eq.(B.3). The constant Z is introduced instead of B (0)(0) and serves as a normalization factor determined by
The Eq.(B.5) can be further simplified as
(B.6)
Let us now proceed to the fermion case. We employ the same idea with the symbolic shifting operators. IfĈ (n)(l) stands for creation operator for fermion state |(n), (l) >, we want then
with correct sign. Eq.(B.2) then can be written in the form
which binds together the shifting operators that increase and decrease the index. This set can be solved as
with the same matrixẐ presented in the boson case. From the definition of shifting operators it can be inferred that they obey anticommutation property (i.e.
and thus it can be shown further that for
so that the solution can be written again as
where only B (0)(0) survives. Here, n i can be only 0 or 1 and the anticommutation rules for the ordering are applied.
It is remarkable that Eq.(B.5) can still be used for the fermion vacuum. This can be verified by a direct expansion with the anticommutation nature of ladder operators. Thus, for either boson or fermion case the flavor vacuum state can be written as
We now proceed to find the normalization constant Z. To do this, we consider
where we use the fact that the states of (
We then employ the fact that matrixẐ can be transformed to a diagonal form with two unitary transformations, i.e.
(B.14)
We can now introduce additional unitary transformations of a
, where a i , b −j satisfy the standard commutation/anticommutation relationship. Then, using the binomial formula to expand ( 
APPENDIX C: UNITARY MIXING OF 3 FIELDS IN WOLFENSTEIN PARAMETRIZATION
We now present application of the above general formalism to specific case of mixing of 3 quantum fields. Calculations were carried out with the help of Mathematica 3 symbolic calculational system.
We note that all time-dependent quantities in this section are presented in the form of matrices each entry of which corresponds to certain Ω ij = ω i + ω j or ω ij = ω i − ω j frequency. It means that each quantity is presented in the form P = 2Re Since the diagonal elements of P ω corresponds to the same constant term ω ii = 0, we can collect the diagonal elements of P ω as Sp (P ω ) = P 
The case of 3 fermion fields
We now show our results for the unitary mixing of 3 fields with spin 1 2 (bispinors). Although an explicit parametrization is not needed in our formalism, we may use Wolfenstein parametrization as an explicit form of a mixing matrix
All results are then computed to a few lowest orders in λ.
For the bispinors, we redefine our H and h matrices as 
